
Solution for the Quantum Physics 1 Exam from Jan. 23, 2003

1.

ρ =
N

L2
= 2

πp2
F

h2
=

2π · 2m(εF − V )

h2
=

4πm

h2

(
εF −

kx2

2
− ky2

)

N =
∫

x2+2y2≤2εF /k
ρdxdy =

∫
x2+2y2≤2εF /k

ρ(x, u)dx
du√

2
(u ≡

√
2y, r ≡

√
x2 + y2)

N =
4πm√

2h2

∫ √2εF /k

0

(
εF −

k

2
r2

)
2πrdr =

8π2m√
2h2

[
εF
r2

2
− k

8
r4

]√2εF /k

0

=

=
8π2mε2F√

2h2k

(
1− 1

2

)
=

mε2F√
2h̄2k

⇒ εF = 21/4h̄

√
kN

m

2.

∆E =

〈
p4

8m3c2

〉
, px = i

√√√√mh̄

2

√
k

m
(a†x − ax), py = i

√√√√mh̄

2

√
2k

m
(a†y − ay)

∆E =
h̄2k

32m2c2

〈[
(a†x − ax)

4 + 2(a†y − ay)
4 + 2

√
2(a†x − ax)

2(a†y − ay)
2
]〉
≡ h̄2k

32m2c2
X

The non-zero contributions to the ground state:

X = 〈0, 0|(axa
†
xaxa

†
x + axaxa

†
xa
†
x + 2aya

†
yaya

†
y + 2ayaya

†
ya
†
y + 2

√
2axa

†
xaya

†
y)|0, 0〉 =

= 1 + 2 + 2 + 2 · 2 + 2
√

2 = 9 + 2
√

2

So ∆E0,0 = h̄2k
32m2c2

(9 + 2
√

2). And for the first excited state:

X = 〈1, 0|(axa
†
xaxa

†
x + a†xaxa

†
xax + axaxa

†
xa
†
x + axa

†
xa
†
xax + a†xaxaxa

†
x + 2aya

†
yaya

†
y +

+2ayaya
†
ya
†
y + 2

√
2axa

†
xaya

†
y + 2

√
2a†xaxaya

†
y)|1, 0〉 =

= 4 + 1 + 3 · 2 + 2 + 2 + 2 + 2 · 2 + 2
√

2 · 2 + 2
√

2 = 21 + 6
√

2

so ∆E1,0 = h̄2k
32m2c2

(21 + 6
√

2).

3. Note The plane-wave wave-function cannot be normalized to 1 on the entire z-axis. Thus we
may normalize it to give the particle-density at every point.
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Boundary condition at z = 0:
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6. The same mathematical manipulations as done in the lecture (or in Berestetskii, Lifshitz and
Pitaevskii’s Quantum Electrodynamics) but with p replaced by p− e
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And from the expression for P (1A, kB) it is clear that P (1, 1) = 0, thus if it is given that there
is one photon at B, there cannot be a single photon at A.

8. The two final states at A and at B are uncorrelated coherent states
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9. For αk and α†k to be annihilation and creation operators, respectively, we require [αk, αk′ ] = 0,
[α†k, α

†
k′ ] = 0 and [αk, α

†
k′ ] = δkk′ .

[αk, αk′ ] = −ukvk′ [ak, a
†
−k′ ]−vkuk′ [a†−k, ak′ ] = (−ukv−k+vku−k)δk,−k′ = 0 ⇒ uk = u−k, vk = v−k

[αk, α
†
k′ ] = (ukuk′ − vkvk′)δkk′ = δkk′ ⇒ u2

k − v2
k = 1.

There is no vacuum for αk since αk|ψ〉 = ukak|ψ〉 − vka
†
−k|ψ〉 and for bosons a†−k|ψ〉 never

cancels.

3


