Solution for the Quantum Physics 1 Exam from Sept. 24, 2003

1. Using the beam-splitter evolution rules aJ{U — % (alo + ia:ﬁ,g) and a;, — % (ago + ialg),
where az7 is the creation operator creating a particle with polarization/spin ¢ at position i,

we obtain for identical particles with spins ¢ and s

al,al, — ;(Za10a35+za3oa4s+a4aa4s al,a s) (1)
ol — 5 (oo, — alyal. +ialyal, + ial,al.) )
ajal, — ;(G:Taaajis a10a3s+2a40a45+2a30a35) (3)
ol = (iakyoh, + ialyal, + alyab, — alyal.) ©

All these transformations contain both terms of the required form and terms in which the two
particles appear in the same detector. The latter states may be canceled by considering the
sum of (1) and (4) and the difference between (2) and (3). Thus we obtain the initial state

i) =3 0w (al,ab, — abyal,) + B (al,al, + al,al, )] 10) (5)

SO

which leads to a final state of the required form
|f> = Z [asa (a’jlaa’;ris agaaﬂs) + ZﬁSU (a:rlaa?)s + a’30a45)} |0>

(a) For two photons with the same polarization s = o, and using the commutativity of the
creation operators of bosons one gets the initial state

i =3 (o) + (ak) ] 10)

(b) For general polarizations s and o the initial state is (5).

2. (a) For electrons with identical spin s = ¢. Substituting this in (5) and using the anti-
commutativity of fermionic creation operators the initial state is

i) = a11a51|0> :
(b) For electrons with non-identical spins the required initial state is simply (5).

3. Non-identical particles have distinct creation operators a and bT By using the same argu-
ments as used in question 1, it follows that the general 1n1t1al state satisfying the requirements
is

|7’> - Z |:a80 (aiabgs - agobis> + 680 (a’];ab];s + agab£s>} ‘O> . (6)

SO

The final state obtained from (6) is

1) = [0 (al,bl, — al,bl,) + B (al b, + al,b],)] 10) .

SO



(a) Since the particles are non-identical, the spins/polarizations have no influence and the
initial state is (6).

(b) The same as above. The initial state is (6).

. The collapse is caused by groups of states in the wave-function that interfere destructively.
Thus, it can be estimated using the phase difference along the width of the wave-function:
1 1 1

tCN =

Q100 — Cocrooo (dg? - 1100)7% — (42 - 1000)72  20(+v/11 — v/10)g

. Revival stems from all the oscillation modes being in the same phase. Hence the time depends
only on the phase difference between near modes and the result is identical to the one of a
coherent state:
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. This potential is harmonic potentials in the x- and y-axes, so the energy levels are £, ,, =
(nz +ny + 1)iw. The degeneracy of the n' level is g, = 2(n + 1) (the factor of two is from
the two-fold degeneracy of the fermion spin).

The total no. of states is Ny = >0 g, = (n+ 2)(n + 1). Taking into account even or odd

number of particles N and the fact that n = £ — 1 we get the exact equation for e:
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. Using the Thomas-Fermi approximation k% = w

neighborhood at a distance r from the origin is

the particle density in a small

_ 271']{12;(7“) _ 2m(ep — %mwQTQ)
P= (2m)2 omh?

The particles have enough energy to reach a radius of rm, satisfying ep = 1mw?r? The
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and therefore, ep = vV Nhw.

. In the three-dimensional case

— 247Tk%(7‘)/3 _ 2m(ep — V()]
(27T)3 37253

All the states up to € = e are occupied, so the total number of particles is

Tmax 4(2m)3/2 3/2 2€F 3/2 1 63
N:/ A2 pdy — ( > / 1 — ) 202dy = —F
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where u = r/rp.x has been substituted and the given definite integral was used. Finally,
er = (3N)Y3hw.



